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Abstract
We investigate the constraints that can be set from big-bang nucleosynthesis on two classes
of models: extended quintessence and scalar-tensor theories of gravity in which the equivalence
principle between standard matter and dark matter is violated. In the latter case, and for a massless
dilaton with quadratic couplings, the phase space of theories is investigated. We delineate those
theories where attraction toward general relativity occurs. It is shown that big-bang nucleosynthesis
sets more stringent constraints than those obtained from Solar system tests.
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I. INTRODUCTION
While the late-time acceleration of the expansion of our universe seems to be a robust
conclusion reached by several independent cosmological observations [1, 2, 3, 4, 5], its origin
remains an open question [6, 7]. Various explanations for late-time acceleration have been
proposed ranging from modifications of the laws of physics to questioning the Copernican
principle [8, 9, 10]. If this principle holds we are lead to the conclusion that our cosmological
model requires the introduction of new physical degrees of freedom, often referred to as the
“dark sector”. In this case, it is necessary to specify the interactions of these new fields, both
their self interactions as well as their interactions with matter. There are several candidates
for this new matter, the simplest being quintessence models [11], or a modification of general
relativity (see Ref. [7] for a discussion on this distinction). Let us emphasize that the simplest
model of all requires only the introduction of a single constant, the cosmological constant,
and is at the moment in agreement with all available data [5, 12].
Among all the theories of gravitation beyond general relativity, scalar-tensor theo-
ries [13, 14] are a well motivated extension and may also be related to quintessence since they
include one or more scalar fields universally coupled to matter. These theories are described
by two functions, a potential describing the scalar self interactions, and a coupling function
describing interaction of the scalar field to matter. Indeed, these theories depart from gen-
eral relativity and are subject to many experimental constraints, particularly from the Solar
system [15]. These deviations can however be larger on cosmological scales because, as long
as the coupling function has a minimum, such theories can be dynamically attracted [16]
toward general relativity during the evolution of the universe. More generally, when consid-
ering theories with a quintessence-like potential, it was shown [17, 18] that the theory can
be attracted toward general relativity while the scalar field is driven toward the quintessence
tracking solution, hence leading to models of extended quintessence that were advocated to
be very generic for quintessence models [19, 20]. In that context, the deviations from gen-
eral relativity can be constrained from big bang nucleosynthesis (BBN) [21, 22], the cosmic
microwave background (CMB) [23], weak lensing [24] and the production of gravitational
waves [25]. Interestingly, they can also lead [26] to an equation of state with p/ρ < −1 for
the dark energy.
It is indeed also possible that the new scalar field(s) do not couple universally to matter,
as considered in Refs. [19, 20]. In this case, one expects a violation of the equivalence
principle and a variation of the fundamental constants which can used to constrain the
equation of state of the dark energy [27]. However, such couplings are in general severely
constrained [28, 29], with the exception of some particular cases such as the coupling to
neutrinos [30] or dark matter.
When the scalar fields couple differently to the dark sector, there is almost no constraint
from the equivalence principle on the interactions between dark matter (DM) and standard
(or visible) matter (see however Ref. [31] for a possible test of the universality of free fall
between DM and normal matter). Such a possibility was initially investigated in Ref. [32]
in the particular case of Brans-Dicke theories and was recently revisited in Refs. [33]. These
models can, in principle explain, the coincidence problem as well [34, 35, 36] and have been
argued to naturally appear when the quintessence model is embedded in a supersymmetric
construction [37].
In this article, we focus on big bang nucleosynthesis and build on our previous analy-
sis [22, 38] that focused on the constraints that can be imposed on scalar-tensor theories of
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gravity with a massless dilaton. We extend the results of Ref. [22] in two directions: (1) by
considering extended quintessence models, i.e. a general scalar-tensor theory with a poten-
tial, and (2) by extending our formalism to models with a non-universal coupling between
the dark matter sector and the visible sector. The theories considered in this article are first
detailed in § II and both cases are studied respectively in § III and § IV. Most technicalities,
such as the BBN data and Solar system constraints, are gathered in appendices.
II. SCALAR-TENSOR THEORIES OF GRAVITY
A. Definition of the model
In this article, we consider models in which gravity is described by a scalar-tensor theory
and in which the strength of the scalar coupling may differ between CDM and ordinary
matter. It follows that in the Einstein frame the action takes the form
S =
∫
d4x
16piG∗
√−g∗ [R∗ − 2gµν∗ ∂µϕ∗∂νϕ∗ − 4V (ϕ∗)]
+SV [A
2
V (ϕ∗)g
∗
µν ;ψV ] + SD[A
2
D(ϕ∗)g
∗
µν ;ψD]. (2.1)
The action contains three arbitrary functions: the potential V , the couplings to ordinary
matter, AV (V for visible sector), and the coupling to CDM, AD (D for dark sector). We
will also consider cases where both coupling functions are set equal to each other. G∗ is the
bare gravitational constant from which we define κ∗ = 8piG∗.
The Jordan frame is typically defined as the frame for which the metric is minimally
coupled to matter. When AV = AD, there is a unique definition of the Jordan frame. With
two coupling functions, we can define two different Jordan frames. Since standard clocks
and rods are made of standard matter, we define the matter Jordan frame (MJF) to be
that frame in which the standard matter fields are minimally coupled to the metric. The
MJF metric will thus define length and time as measured by laboratory apparatus so that
all observations (time, redshift,. . . ) have their standard interpretation in this frame. This
is also the frame in which the nuclear reaction rates take their standard form, since they do
not involve CDM. In this frame the stress-energy tensor of visible matter is conserved. The
action then takes the form
S =
∫
d4x
16piG∗
√−g [F (ϕ)R− gµνZ(ϕ)ϕ,µϕ,ν − 2U(ϕ)]
+SV [gµν ;ψV ] + SD[B
2(ϕ∗)gµν ;ψD] (2.2)
after performing the conformal transformation
g∗µν = F (ϕ)gµν (2.3)
with (
dϕ∗
dϕ
)2
=
3
4
[
d lnF (ϕ)
dϕ
]2
+
Z(ϕ)
2F (ϕ)
(2.4)
AV (ϕ∗) = F
−1/2(ϕ) (2.5)
2V (ϕ∗) = U(ϕ)F
−2(ϕ) (2.6)
B(ϕ∗) = AD/AV . (2.7)
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We will denote all Einstein-frame quantities with a star (∗). The Einstein frame has the
advantage of diagonalized the kinetic terms for the spin-0 and spin-2 degrees of freedom so
that the degrees of freedom of the theory are more easily discussed. The strength of the
couplings of the scalar field to the matter and CDM fields is characterized by
αi(ϕ∗) ≡ d lnAi
dϕ∗
(2.8)
and we also define
βi(ϕ∗) ≡ dαi
dϕ∗
(2.9)
with i = V,D.
B. Cosmological background equations
1. Space-time metrics
We consider a Friedmann-Lemaˆıtre universe with metric in the MJF
ds2 = −dt2 +R2(t)γijdxidxj (2.10)
where γij is the spatial metric and R the scale factor. In the Einstein frame, the metric
takes the same form but with a scale factor R∗ and a time coordinate, t∗ which are related
to their MJF counterparts by
R = AV (ϕ∗)R∗, dt = AV (ϕ∗)dt∗ (2.11)
and the redshifts are related by
1 + z =
AV 0
AV
(1 + z∗). (2.12)
2. Equations of motion in the Einstein frame
The Friedmann equations in this frame take a form similar to those of general relativity
with a minimally coupled scalar field and a fluid,
3
(
H2∗ +
K
R2∗
)
= 8piG∗ρ∗ + ψ
2
∗ + 2V (ϕ∗) (2.13)
− 3
R2∗
d2R∗
dt2∗
= 4piG∗(ρ∗ + 3P∗) + 2ψ
2
∗ − 2V (ϕ∗) (2.14)
where we have introduced H∗ = d lnR∗/dt∗ and
ψ∗ = dϕ∗/dt∗. (2.15)
K is a positive, null or negative constant specifying the curvature of the spatial sections. ρ∗
and P∗ are the energy density and pressure of the total fluid.
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In this model, the total energy can be split between the dark sector (ρD) and the visible
sector (ρV ),
ρ = ρV + ρD.
We assume that the dark sector component is described by a constant equation of state wD,
which is set to wD = 0 for CDM. The visible sector can be further decomposed between a
pressureless matter component Pmat = 0 and radiation (Prad =
1
3
ρrad), so that
ρV = ρmat + ρrad.
We stress that αrad = αmat = αV by construction, in order to satisfy the universality of free
fall. In the Einstein frame, the evolution of these energy densities are dictated by the matter
conservation equation,
dρi∗
dt∗
+ 3H∗(ρi∗ + Pi∗) = αi(ϕ∗)(ρi∗ − 3Pi∗)ψ∗. (2.16)
The r.h.s. term proportional to ψ∗ is due to the scalar interaction. In our case it reduces to
0, αV ρmat∗ψ∗ and αDρD∗ψ∗ for the radiation, standard matter and CDM.
The evolution of the scalar field is a Klein-Gordon equation
dψ∗
dt∗
+ 3H∗ψ∗ = − dV
dϕ∗
− 4piG∗
∑
i
αi(ϕ∗)(ρi∗ − 3Pi∗) , (2.17)
where the sum is taken over i = rad,mat, D. The coupling term reduces to
−4piG∗
∑
i
αi(ϕ∗)(ρi∗ − 3Pi∗) = −4piG∗ [αDρD∗ + αV ρmat∗] .
3. Implementing BBN
The nuclear reaction network takes its standard form in the matter Jordan frame, where
the Lagrangian for the visible sector is not affected by the existence of the scalar field so
that the cross-sections etc. . . also take their standard form.
To compute the light elements abundances during BBN, one only needs to know the
expansion rate history, H(z), from deep in the radiation era up to today. It is thus convenient
to express the Hubble parameter in the MJF in terms of the one in the Einstein frame, using
Eq. (2.11), as
AVH = [H∗ + αV (ϕ∗)ψ∗] . (2.18)
Eq. (2.18) can also be expressed in the simple form
AVH = H∗
[
1 + αV (ϕ∗)
dϕ∗
dp
]
(2.19)
where p is the number of e-folds of expansion in Einstein frame,
p = − ln(1 + z∗). (2.20)
Our numerical strategy follows exactly the one developed in Ref. [22]. We solve the Ein-
stein equation in the Einstein frame (see appendix A) and then deduce H(z) from Eq. (2.18)
to compute the production of the light elements.
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4. Evolution the energy densities
The system of equations (A1-A7) are expressed in terms of the energy densities of the
various components. Interestingly, these can be derived analytically. In the MJF, the
densities are related to their Einstein frame counterpart by
ρ∗ = A
4
V ρ, P∗ = A
4
V P. (2.21)
For matter in the visible sector, Eq. (2.16) takes the simple form
ρ˙V + 3H(ρV + PV ) = 0 (2.22)
and is trivially integrated to get
ρV i = ρV i0(1 + z)
3(1+wi) , (2.23)
for any component of the visible sector (i.e. i = rad,mat) with a constant equation of state
and where z is the redshift defined by 1 + z = R0/R. Using Eqs. (2.11-2.12), we obtain the
evolution of the energy density in the Einstein frame
ρV i∗ = ρV i0∗
(
AV
AV 0
)4−3(1+wi)
(1 + z∗)
3(1+wi), (2.24)
where ρi0∗ = A
4
V 0ρV i0. We can also define the associated density parameter by
ΩV i0 ≡ 8piG∗A
2
V 0
3H20
ρV i0. (2.25)
In the dark sector, the conservation equation has a source term in the MJF,
ρ˙D + 3H(ρD + PD) = A
−1
V (αD − αV )(ρD − 3PD)ψ∗. (2.26)
This equation can be obtained by plugging Eq. (2.21) into Eq. (2.16) for i = D and using
the relation (2.11) to shift to derivative with respect to t∗. Interestingly, we can find the
solution of this equation analytically. In the CDM Jordan frame, defined by t˜ and scale
factor R˜, CDM is not coupled to the scalar field so that ρ˜D ∝ R˜−3(1+wD). Going back to the
Einstein frame, this implies that
ρD∗ ∝ R−3(1+wD)∗ A4−3(1+wD)D
and then in MJF,
ρD = ρD0
(
AD/AV
AD0/AV 0
)4−3(1+wD)
(1 + z)3(1+wD). (2.27)
Indeed, if the coupling of the scalar field is universal, the dark matter and normal matter
satisfy the same evolution equation. In a general model where AV 6= AD, the two matter
components evolve differently. This is related to the fact that both forms of matter do not
experience the same coupling to the scalar field.
We deduce that the ratio between the dark matter and baryonic matter components is a
priori not constant during the evolution of the universe. It is given by
ρD∗
ρm∗
=
ρD
ρm
=
ρD0
ρm0
AV 0
AD0
AD
AV
(ϕ∗) ≡ Ξ0B(ϕ∗)
B0
, (2.28)
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with Ξ0 ≡ ρD0/ρm0 and we define Ξ˜0 ≡ Ξ0/B0. This is a main feature of this class of models,
which distinguishes it from universal scalar-tensor theories.
Finally, the energy density of the scalar field in the Einstein frame is given from Eq. (2.13)
by
ρϕ∗ =
1
8piG∗
[(
dϕ∗
dt∗
)2
+ 2V (ϕ∗)
]
(2.29)
so that its energy density in the matter Jordan frame is
ρϕ = A
−4
V ρϕ∗. (2.30)
III. AN EXTENDED QUINTESSENCE MODEL
Before we move on to the most general type of models with two coupling functions,
we consider first an extension of the models considered in Ref. [22] with self-interaction
potentials, but with AV = AD. Our first examples are thus models of extended quintessence
in which the scalar field accounts for the late time acceleration of the Universe while also
being responsible for a scalar interaction. Given the framework we have set up in the previous
section, we can now examine the consequences on BBN of several choices of quintessence
models.
As a first example, we consider an extended quintessence model of the runaway type with
a potential and coupling function given by
V =M2ϕ−a∗ , lnA = Cϕ
−b
∗ , (3.1)
where a, b and C are all positive and the mass scale M ≪ κ−1/2 must be tuned so that
Ωϕ ∼ ΩΛ today. It follows that
α = −Cbϕ−b−1∗ . (3.2)
When C = 0, this model is a standard quintessence model with an inverse power law
potential. The dynamics of this model has been investigated in depth. In particular, there
exist scaling solutions with attractors of the dynamics of the scalar field which behaves as a
perfect fluid with an effective equation of state
wϕ =
wa− 2
a+ 2
, (3.3)
where w is the equation of state of the fluid that dominates the matter content of the
universe. Figure 1 depicts the evolution of the energy densities as a function of the redshift
in this case and shows the quintessence attractor mechanism typical for inverse power law
quintessence potentials when gravity is described by general relativity (i.e. C = 0).
When C 6= 0, and as discussed in detail in Ref. [22], we expect two main effects. First
during BBN, the field dynamics is modified during electron-positron annihilation and then
the late time dynamics is modified because of the coupling to non-relativistic matter. Let
us investigate them by assuming that V = 0.
As detailed in § III.A.2 of Ref. [22], the dynamics during electron-positron annihilation
is governed by the equation
2
3− ϕ′2∗
ϕ′′∗ +
2
3
ϕ′∗ = −α(ϕ∗)Σe,
7
V  ∼  f -6, a  = 0
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FIG. 1: Evolution of the energy densities of the matter, radiation and scalar field as a function of
the redshift for a model with potential (3.1) with a = 6, C = 0 and M = 4×10−17 s−1 for different
initial conditions, φin = 2×10−16, 6×10−16, and 2 10−15. The field initially enters a kinetic regime
so that ρϕ ∝ (1 + z)6 and then reaches a slow-roll regime until its energy density is of the same
order of magnitude as that of the matter and radiation. At this stage, it enters a tracking regime
where its effective equation of state is wϕ = 0 and wϕ = −1/4 during the radiation and matter era
respectively. It follows that the scalar field always ends up dominating the matter content of the
universe at late times and gives rise to an accelerated phase of expansion.
where Σe ≡ (ρe−3Pe)/ρrad and prime denotes a derivative with respect to p. In a non-kinetic
regime, this equation can be approximated by
ϕ′′∗ + ϕ
′
∗ =
3
2
Cbϕ−b−1∗ Σe.
As in the case of a quadratic coupling [22], the field is frozen to some initial value ϕin∗ during
the radiation era [39] prior to the electron-positron annihilation. Then the source term Σe
acts temporarily inducing the evolution of ϕ∗ which then settles to another constant value
ϕout∗ in the radiation era. Because lnA does not have a minimum, the field will shift towards
larger values so that ϕout∗ > ϕin∗.
During the matter era, the evolution equation reduces to
2
3− ϕ′2∗
ϕ′′∗ + ϕ
′
∗ = −α(ϕ∗) = Cbϕ−b−1∗ ,
Since the minimum of the coupling function is at infinity, it follows that the scalar field is
simply attracted toward this value and does not undergo damped oscillations as in the case
of a quadratic coupling. In particular, in the slow-roll regime, it behaves as
ϕ∗ = ϕeq∗
[
1 + (2 + b)
Cb
ϕ2+beq∗
(p− peq)
] 1
2+b
,
8
where peq is the value of p at the matter-radiation equality.
In the general case where both the potential and the coupling are effective, the solution
is first attracted toward the quintessence scaling solution during the radiation era during
which the coupling is not efficient. The various mass thresholds further drive ϕ∗ toward
larger values so that it reaches the quintessence tracking solution more rapidly. Then,
during the matter era, the evolution is driven by the potential and coupling which both
drive ϕ∗ to infinity so that the scalar-tensor theory is attracted toward general relativity.
Figure 2 shows the magnitude of these effects.
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FIG. 2: (Left): Evolution of the energy densities of the matter (blue line), radiation (red line) and
scalar field as a function of the redshift for a model with potential (3.1) with φ(z = 1012) = 1,
a = b = 6 and C = 0 (solid black line) or C = 0.2 (dash dotted green line). (Right): Evolution of
φ for the same conditions.
Quintessence fields coupled to the Maxwell term, F 2, in the action, will induce a variation
of the fine structure constant. There are a few models [40, 41] which can simultaneously
account for the purported variation in quasar absorption systems [42] and the Oklo and
meteoritic constraints [43, 44, 45]. Here we consider the model of Ref. [40] with the potential
V (ϕ∗) = V0 exp
(
λ
2
ϕ2∗
)
, (3.4)
which is representative of a class of models which possess a minimum in the self-interaction
potential and is closely related to the one studied in Refs. [46, 47]. The potential is nor-
malized by taking V0 to correspond to the present vacuum energy density. The coupling
function in this model is also specified and related to the potential
A(ϕ∗) =
[
b+ V (ϕ∗)/V0
1 + b
]n
(3.5)
where 1+ b > 0. Its main feature is to have a common minimum with that of the potential,
and allows the system to recover general relativity when the scalar field is at the minimum.
This is in the spirit of the least coupling principle [16] whose goal is to suppress the scalar
interaction when the field has reached its minimum. Note that in Ref. [40] where the scalar
field was also responsible for a variation of the fine structure constant, constraints were
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derived such that n needed to be very small. In the current context, the field is universally
coupled so that it is responsible only for a variation of the gravitational constant, which is
much less constrained than the time variation of the fine structure constant [28, 29].
For small values of the field ϕ∗, A can be approximated by 1+nλϕ
2
∗/2(1+ b), so that we
can write
α ≈ nλϕ∗
1 + b
β ≈ nλ
1 + b
(3.6)
For β = 0, we show the evolution of ϕ∗ as a function of redshift in Figure 3a. We see that
for most of the evolution ϕ∗ is constant largely due to the very small value of V0. At late
times, the field evolves toward the minimum at the origin. This type of model (with very
small β) was constructed to account for the possible evolution of the fine structure constant.
In panel b), we show the corresponding evolution when β takes values 0.1, 1, and 10. We
see that as β is increased, the evolution of ϕ∗ begins at higher redshift. When β = 1(10),
we also see that the field undergoes a few (many) oscillations about the origin.
l =1..6 b =0.,
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FIG. 3: Evolution of ϕ∗ as a function of the redshift for models with potential and coupling defined
in Eqs. (3.4-3.5). (Left): we set β=0 and λ = 1, 2, 3, 4, 5 and 6, so that we are dealing with a
quintessence model and no modification of general relativity. (Right): we set β= 0.1, 1. and 10.
without a potential (solid) or with a potential and λ = 6 (dashed). Differences with and without
a potential appear only at the very late times. The vertical dashed line corresponds to the time of
n/p freeze-out and the shaded region to the epoch of BBN.
IV. NON-UNIVERSAL MASSLESS DILATON WITH QUADRATIC COU-
PLINGS
We now consider models in which AV 6= AD. For simplicity we focus on models with
a constant potential and we assume that the two coupling functions are quadratic, which
gives us a natural extension of the model studied in Ref. [22]. We set
AV = exp
(
1
2
βV ϕ
2
∗
)
, AD = exp
(
1
2
βDϕ
2
∗
)
, V = V0, (4.1)
and we define
ai(ϕ∗) = ln[Ai(ϕ∗)]. (4.2)
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This is also a generalization of Ref. [32] which was restricted to Brans-Dicke models.
V0 is constant so that the scalar degree of freedom remains massless. As in the previous
model considered [Eq. (3.4] it is associated with a constant energy density in the Einstein
frame
ρΛ∗ ≡ V0/4piG∗ , (4.3)
but scales as A−4V in the matter Jordan frame. It follows that the total energy density is
ρT = ρ + ρΛ. Note that the couplings are such that this component is not coupled to ϕ∗,
that is
AΛ = 1 , αΛ = 0. (4.4)
We note that the tests on the deviations from general relativity in the Solar system involve
only αV and βV since they are performed with ordinary matter.
A. Dynamics
1. Reduced equation
The dynamics of this non-universal system can be discussed using p as a time variable.
Since dp = H∗dt∗, we can deduce that ψ∗ = H∗ϕ
′
∗ and we can rewrite the Friedmann
equation (A3) as
(3− ϕ′2∗ )H2∗ = 8piG∗(ρ∗ + ρΛ∗). (4.5)
The derivative of Eq. (A2) with respect to p implies that
ϕ′′∗ +
(
H ′∗
H∗
+ 3
)
ϕ′∗ = −
4piG∗
H2∗
∑
i
αi(1− 3wi)ρi∗.
Now, it can be checked that
H ′∗
H∗
= −1
2
′
(3− ϕ′2∗ )(1 + w˜)ϕ′∗ − ϕ′2∗ ,
where w˜ includes the contribution of the cosmological constant,
ρ∗(1 + w) = (ρ∗ + ρΛ∗)(1 + w˜) . (4.6)
Thus, we conclude that the dynamics is described by
2
3− ϕ′2ϕ
′′
∗ + (1− w˜)ϕ′∗ = −
∑
i
αi(1− 3wi) ρi∗
ρ∗ + ρΛ∗
(4.7)
= −αV ρmat∗
ρ∗ + ρΛ∗
− αD(1− 3wD) ρD∗
ρ∗ + ρΛ∗
(4.8)
This generalizes the equation used in Refs. [16, 21, 22] to the case of two couplings. We
emphasize that this equation holds only when V = V0 is constant and for K = 0.
It is interesting to note that if the cosmological constant is negligible and if the dark
matter and the baryonic matter have the same equation of state wD = w then Eq. (4.7) is
equivalent to the one that would be obtained with one single fluid with equation of state w
with a universal scalar-tensor theory with an effective coupling function
Aeff(ϕ∗) = AV (ϕ∗) + Ξ˜0AD(ϕ∗), (4.9)
which depends on the ratio of dark matter and baryonic matter, as well as initial conditions,
through Ξ0.
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2. Phase space
Neglecting the cosmological constant, which dominates only in the last e-fold, Eq. (4.7)
reduces to
2
3− ϕ′2∗
ϕ′′∗ + (1− w)ϕ′∗ = −
βV + βDΞ0e
1
2
(βD−βV )(ϕ
2
∗
−ϕ2
∗0)
1 + Ξ0e
1
2
(βD−βV )(ϕ2∗−ϕ
2
∗0) + ρrad
ρmat
ϕ∗. (4.10)
Let us focus on the matter dominated era. Eq. (4.10) indicates that the attraction toward
general relativity will depend crucially on the relative signs of βV and βD and on the form of
the effective coupling function Aeff which enters on the r.h.s. of the Klein-Gordon equation.
We have the following different possibilities:
• βV = 0: the scalar-tensor theory is pure general relativity in the visible sector. Only
cosmology can set constraints on βD while all Solar system constraints are always
satisfied.
• βD = 0: the theory is attracted toward general relativity only if βV > 0.
• βD > 0 and βV > 0: aV and aD have the same minimum at ϕ∗ = 0 so that the
effective function aeff also has a unique minimum in ϕ∗ = 0 which is an attractor of
the dynamics. The scalar-tensor theory is thus attracted towards general relativity,
both for the matter and the dark sectors, during electron-positron annihilation and
the late time matter era when ϕ∗ → 0.
• βD < 0 and βV < 0: Neither aV nor aD have a minimum and thus aeff does not have
a minimum. ϕ∗ runs to infinity when either matter or dark matter is dominant. The
scalar-tensor theory thus drifts away from general relativity. We shall thus discard this
case since local constraints can be satisfied only at the price of an extreme fine-tuning
of the initial conditions.
• βDβV < 0: This situation is more complex. ϕ∗ = 0 is always an extremum of aeff but
not necessary a minimum. Two conditions have to be considered.
First, if
Φ ≡ 2
βD − βV ln
(
− βV
βDΞ˜0
)
< 0, (4.11)
aeff has a unique extremum at ϕ∗ = 0 otherwise it has two others given by
ϕ2att∗ = ϕ
2
0∗ +
2
βD − βV ln
(
−βV
βD
ρmat0
ρD0
)
. (4.12)
Second, if
β˜ ≡ βV + Ξ˜0βD > 0, (4.13)
the extremum at ϕ∗ = 0 is a minimum.
The signs of these two functions set the shape of the function aeff which determines
the late time attractor of the Klein-Gordon equation. Note that Φ changes sign when
β˜ does. Fig. 4 summarizes the various possibilities in the phase space while Fig. 5
depicts the modification to aeff when the values of βD and βV vary and when the signs
of Φ and β˜ change.
Given the shape of aeff , we have two possibilities for the late time dynamics:
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FIG. 4: The (βV , βD) parameter space with the signs of Φ and β˜ [defined in Eqs. (4.11) and
(4.13)] which determine the shape of aeff and thus the late time attractors of the Klein-Gordon
equation. Three possibilities appear: late time attraction toward general relativity for β˜ > 0, late
time attraction toward a Brans-Dicke theory when β˜ < 0 and βDβV < 0 and runaway when βD < 0
and βV < 0. The field is respectively attracted toward 0, ±ϕatt and ±∞.
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FIG. 5: Modification of the shape of aeff with the values of βD and βV and with the signs of Φ and
β˜.
– ϕ∗ = 0 is the only minimum. The Klein-Gordon equation involves Aeff so that ϕ∗
is attracted toward 0 during the matter era. Since this corresponds to the mini-
mum of aV and aD, the scalar-tensor is also attracted toward general relativity.
– ϕ∗ = 0 is a local maximum. In this case ϕ∗ is attracted toward ϕatt 6= 0. This
does not coincide with a minimum of aV and αV → βV ϕatt. The scalar-tensor is
thus attracted towards a Brans-Dicke theory, that is a scalar tensor theory with
lnA = λϕ∗. Fig. 6 illustrates such a case where ϕ∗ cannot relax to the minimum
of the coupling function AV because the dynamics is dictated by Aeff . It follows
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from Eq. (4.11) that
α2V → α2V 0 + 2
βV
βD − βV ln
(
− βV
βDΞ0
)
.
According to the value of the parameters, the asymptotic Brans-Dicke parameter
can be compatible with the observational constraints. Indeed, the theory can be
temporarily attracted toward general relativity due to the mass thresholds in the
primordial universe if βV > 0. In this case, αV 0 can be low enough to pass Solar
system tests.
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FIG. 6: When the minimum of aeff (dashed line) differs from the one of aV (solid line) and aD
(long dashed line), the dynamics of the scalar field drives ϕ∗ to a minimum of Aeff so that the
scalar-tensor theory is attracted toward a Brans-Dicke theory.
As discussed above, Figures 4 and 7 summarize the field dynamics. Three possibilities
appear: late time attraction towards general relativity for β˜ > 0, late time attraction toward
a Brans-Dicke theory when β˜ < 0 and βDβV < 0 and runaway when βD < 0 and βV < 0.
In each of these cases, the field is attracted towards 0, ±ϕatt and ±∞, respectively. Only
models such that the effective parameter β˜ is positive, enjoy a late time attraction toward
general relativity.
Fig. 7 connects the phase space (βV , βD) with specific examples of model evolution which
highlight the different possibilities. Fig. 4 has been miniaturized in the lower left of Fig. 7
and with evolutionary examples for each quadrant except that for which βD, βV < 0 and the
theory exhibits runaway behavior.
In the upper left of Fig. 7, we show the evolution of ϕ2∗ as a function of redshift for
β˜ = −1, 0,+1, all with βV = −10. If βV is negative the theory is dragged away from general
relativity. This is seen by the increase in ϕ2∗ prior to BBN. This could be compensated at
late times if β˜ > 0 as seen in the lower curve with β˜ = 1 which undergoes two oscillations
about the minimum. Note that when β˜ = 0 the Klein-Gordon equation has no source term
even after the end of the radiation era so that ϕ∗ remains frozen to the same value than
during the radiation era. The scalar-tensor theory can be attracted toward general relativity
only due to the effects of the mass thresholds. Therefore no evolution is seen after BBN
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FIG. 7: (Lower left): Phase space of the solutions. (Upper-left) when βV < 0 the theory is dragged
away from general relativity during BBN and then, depending on the sign of β˜, attracted towards
or away from general relativity at late times. The field is at the minimum of the coupling function
today only if β˜ = 0 (as seen by the horizontal line at late times). (Lower-right) when βD < 0
the theory is attracted toward general relativity during BBN and then, according to the sign of
β˜ attracted or not toward general relativity at late time. (Upper-right) Both βs are positive and
the theory is always attracted toward general relativity. The opposite is true when both βs are
negative.
when β˜ = 0. When β˜ = −1, the field continues to evolve away from ϕ2∗ = 0 when matter
domination sets in. However, and as discussed in detail in Ref. [22], there are many other
mass thresholds prior to electron-positron annihilation and a βV < 0 model would have to
be fine-tuned to be attracted close enough to general relativity today. We shall thus restrict
our analysis to βV > 0.
Models with βV > 0 are attracted toward general relativity during electron-positron
annihilation (see discussion below). Then, if βD < 0, the theory is either attracted toward
general relativity or a Brans-Dicke theory depending on the sign of β˜. As the analysis above
also shows, in the latter case the theory is attracted toward a value of ϕ∗ different from
ϕ∗ = 0. Examples of models with βV > 0, but βD < 0 and β˜ = −3, 0,+3 are shown in the
lower right plot of Fig. 7. Each case moves towards the origin (and undergoes one oscillation
about the origin) prior to and during BBN. At late times, we see again that the model with
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β˜ > 0 continues to evolve towards the origin after matter domination, while model with
β˜ < 0 evolves away from general relativity. As before the case with β˜ = 0 shows no further
evolution.
Finally, in the upper right panel of Fig. 7, we show an example of a model with βD =
βV = +10. The field moves through the origin once during electron-positron annihilation,
and then later continues to oscillate about the origin. For completeness, we also show an
example with βD = βV = −10 in this panel which shows the run away behavior at late
times.
In conclusion, we will concentrate our analysis on the case in which both βV and βD
are positive (see upper-right plot of Fig. 7). This corresponds to models that are attracted
toward general relativity without involving a tuning of the different parameters and the
initial conditions for the value of β˜ to be positive.
3. Different regimes
Deep in the radiation era, the cosmological constant the dark matter and baryonic matter
components are negligible so that Eq. (4.7) simplifies to
2
3− ϕ′2ϕ
′′
∗ +
2
3
ϕ′∗ = 0. (4.14)
As a consequence, the field is frozen at a constant value and the initial conditions can be
chosen as
ϕ′∗in = 0 , ϕ∗ = ϕ∗in = constant .
Still in the radiation era, when the universe cools below the mass of some species, χ, this
species becomes non-relativistic and induces a non-vanishing contribution to the r.h.s. of
Eq. (4.7). The most important mass threshold for the BBN predictions is the last of these
thresholds, the one associated with electron-positron annihilation. Previous mass thresholds
are also important and drive the scalar-tensor theory toward general relativity (see § III.A.3
of Ref. [22]). We assume that the dark sector is not affected by any mass thresholds after
muon annihilations. In that case, we can neglect the effect of the dark sector and we end
up with the same result as in Ref. [22],
2
3− ϕ′2∗
ϕ′′∗ +
2
3
ϕ′∗ + Σe(T )βV ϕ∗ = 0 , (4.15)
with
Σe(T ) =
15
pi4
ge
g∗(T )
z2e
∫ ∞
ze
√
x2 − z2e
ex + 1
dx . (4.16)
This implies that we are driven toward general relativity during the electron-positron anni-
hilation only if βV > 0 (see right half of Fig. 7).
After electron-positron annihilation, the universe is still dominated by radiation and the
scalar field freezes at a constant value, ϕ∗out. BBN can place a constraint on the value
of aout = a(ϕ∗out). Unfortunately, this constraint depends on ain which is unknown. To
compare these constraints to those obtained in the Solar system, we need to relate aout to
a0. Thus, our code integrates the evolution equation up to the present, so that we obtain
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a0 directly. For the particular case of a vanishing potential or as long as the field is slow
rolling, ϕ′ ≪ 3, Eq. (4.7) takes the slightly simplified form
2
3
ϕ′′∗ + (1− w)ϕ′∗ = −
βV + βDΞ0e
1
2
(βD−βV )(ϕ
2
∗
−ϕ2
∗0)
1 + Ξ0e
1
2
(βD−βV )(ϕ2∗−ϕ
2
∗0)
ϕ∗. (4.17)
Contrary to the case of a universal coupling (§ III.5 of Ref. [22]) this equation cannot be
integrated analytically in the matter-radiation era.
The field is attracted toward its minimum and at late times we can assume that ϕ∗ ≪ 1,
in which case the equation of evolution reduces to
2
3
ϕ′′∗ + (1− w)ϕ′∗ + ω2ϕ∗ = 0, ω2 ≡
βV + βDΞ˜0
1 + Ξ˜0
It follows that the field evolves as
ϕ∗(p) = e
− 3
4
p
[
A cos
(
3
4
rp
)
+B sin
(
3
4
rp
)]
, (4.18)
e−
3
4
p
[
A cosh
(
3
4
rp
)
+B sinh
(
3
4
rp
)]
, (4.19)
respectively if ω2 < 8
3
and ω2 > 8
3
with
r ≡
√∣∣∣∣1− 83ω2
∣∣∣∣.
This allows us to compute the period of the last oscillations,
∆p =
8
3
pi
r(βV , βD, Ξ˜0)
. (4.20)
Unfortunately we can not compute the phase, which is required in order to match to the
solution in the radiation era.
An example of such an evolution is depicted in the left panel of Fig. 8 with βV = βD = +10
as in the upper right of Fig. 7. Here we see the same oscillations scaled by e3p/2 as expected
from Eq. (4.19) with period given by Eq. (4.20). In the right panel of Fig. 8, we show several
cases (as labelled) showing the late time scaling and oscillations. We can see that the field
remains frozen during the radiation era up to the kick during electron-positron annihilation.
When the universe starts to be matter dominated the field undergoes damped oscillations
with a period given by Eq. (4.20).
B. Constraints
1. BBN
We proceed as in Ref. [22] and vary the baryon to photon ratio, η, the values of βV and
βD as well as the initial conditions ain but we assume that the other cosmological parameters
are fixed to their standard values. We compute the light element abundances as a function
17
b V=b D=+10
-0.4
-0.3
-0.2
-0.1
0
0.1
0.2
0.3
0.4
x 10
-4
-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0
p
f
 
ex
p(
3p
/4)
(b V, b D)=
10
-15
10
-14
10
-13
10
-12
10
-11
10
-10
10
-9
10
-8
10
-7
10
-6
10
-5
10
-4
10
-3
10
-2
10
-1
1
1 10 10 2 10 3 10 4 10 5 10 6 10 7 10 8 10 9 10 10 10 11 10 12
(0,+10)
(-10,+10)(+10,0)
(+10,+10)
1+z
f
2
FIG. 8: (Left): Evolution of ϕ∗ exp(
3
4p) as a function of redshift. The frequency of the oscillations
depends on βV , βD and the energy densities as in Eq. (4.20). (Right): Some solutions with β˜ > 0
summarizing the effect of βV during BBN and the evolution during the matter era.
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FIG. 9: (Left): Light element abundance as a function of ain when η = ηWMAP and βV = 10.
(Middle): Same as a function of βV when η = ηWMAP and ain = 0.1. (Right): Same as a function
of η for βV = 10 and ain = 0.1. The standard model is shown by the lower (blue) dashed curves.
of these four parameters. Fig. 9 shows the effect of the independent variation of each of
these parameters. This allows one to set the BBN constraints on these parameters which
are then propagated until today to infer constraints on αV 0, βV and βD. Fig. 10 summarizes
these constraints on the (βV , βD) plane obtained from BBN.
In the left panel of Fig. 9, we show the resulting light element abundances as a function
of the parameter ain for fixed values of βV = βD = 10 and η fixed at the WMAP value of
6.23 × 10−10 [4]. As one can see in this panel and others to the right, there is very little
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dependence of 3He, D, or 7Li on either ain or βV . Note that the
7Li abundance is always
in excess of the observations for this value of η (see e.g. Ref. [48]). In contrast, there is a
relatively strong dependence of the 4He abundance with ain. The shaded regions correspond
to the range of the observational determinations as described in Appendix C. The upper
limit on the 4He abundance of 0.259 places a constraint on ain ≤ 0.2, when βV = 10. In
the middle panel of Fig. 9, we show the element abundances as a function of βV for fixed
ain = 0.1 and the WMAP value for η. At this value of ain, we find a lower bound on βV > 2.8.
Finally, in the right panel of Fig. 9, we show the abundances as a function of η for fixed
ain = 0.1 and βV = βD = 10. This choice of parameters leads to an increase in the
4He
abundance of roughly 0.005 over the standard model with ain = 0 and βV = 0 as shown by
the lower set of blue dashed curves.
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FIG. 10: Constraints on αV 0 in the plane (βV , βD), respectively for log αV 0 = −5 (solid line), −4.5
(long dashed lines) −4 (dashed lines) and −3.5 (dotted lines). The red line in the lower left corner
shows the solar system constraint of log αV 0 = −2.5
Now, for each value of the pair (βV , βD), we can compute the abundances of
4He, 3He, D
and 7Li as a function of ain which allows us to constrain the values of this parameter from the
observational data. We have set η = ηWMAP, though in principle, one could derive combined
constraints on the pair of inputs (ain, η). One can check that this is a safe approximation
and that the deviations from general relativity for the models considered do not lead to
significant CMB deviations [23]. Then, this constraint on ain can be propagated to get a
constraint on the value of ϕ∗ today, or equivalently on αV 0.
The result of this analysis is depicted in Figure 10. This figure can be understood
as follows. First we see that almost everywhere on the plane the solar system bound,
α2V 0 < 10
−5, is satisfied (the area above the red line barely visible in the lower left corner);
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see Eq. (B2). Second, for a given value of (βV , βD) we can read off the maximum value
of deviation from general relativity that can be achieved in the Solar system once BBN
constraints are satisfied. The result from Ref. [22] corresponds to the cut βV = βD of
Fig. 10. Figure 10 shows clear structure with two sets of minima: (1) a set of parallel
lines with increasing periodicity and (2) a vertical line close to βV ∼ 5. Let us now try to
understand this behavior.
First, the periodicity seen in this figure is not directly related to the period (4.20) of
the time evolution of ϕ∗ but rather on the phase of this solution when evaluated at p = 0.
Since we do not have an analytical solution in radiation-matter era, as in Ref. [22], our
discussion can only be approximate but will still shed some light on our result. During the
radiation era, but after BBN, the field is frozen at a value ϕout∗. Assuming that at the time
of matter-radiation equality, peq, ϕeq∗ ≃ ϕout∗, we can obtain a solution for ϕ∗ at late times
by matching the solution (4.18) to the constant solution at peq so that
ϕ∗ = ϕout∗e
− 3
4
(p−peq) cos
[
3
4
r(p− peq)
]
. (4.21)
It follows, then, that the value of the scalar field today is given by
ϕ0∗ = ϕout∗e
3
4
peq cos
[
3
4
rpeq
]
, (4.22)
which illustrates that the oscillations of ϕ0∗, and thus of αV0 , as a function of the two
parameters (βV , βD), are due to the oscillations of ϕ∗0 as a function of r and are thus
determined by the phase at the time of matching. To determine the points at which ϕ∗0 = 0,
we need the value of peq that is determined by imposing that ρmat + ρD = ρrad. This leads
to
e−peq = Ξ0
A¯(ϕeq∗)
AV (ϕ0∗)
. (4.23)
The almost horizontal periodic structure in Fig. 10 is related to the solution such that
ϕ0∗ = 0. When this happens, Ξ˜0 = Ξ0 and AV (ϕ0∗) = 0 and these zeros occur when
3
4
rpeq = npi with n ∈ N, that is when√
8
3
βV + βDΞ0
1 + Ξ0
− 1 = 4
3
n
pi
ln Ωmat0
Ωrad0
+ 1
2
aV out + ln
(
1 + Ξ0e
βD−βV
βV
aV out
) .
Now, since the dark sector does not influence the dynamics during electron-positron annihi-
lation, ϕout∗ depends only on the values of ϕin∗ and βV . This complicated relation is depicted
in Fig. 2 of Ref. [22]. From this analysis, we argued that aV out is at most of order 10
−1-10−2.
This implies that we expect the denominator of the r.h.s. of the previous expression to be
dominated by ln Ωmat0
Ωrad0
. Thus, the positions in the plane βV , βD for which αV 0 = 0 (and as a
consequence αD0 = 0) corresponds to a set of parallel lines Cn determined by
βV + βDΞ0 =
3
8
(1 + Ξ0)


(
4npi
3 ln Ωmat0
Ωrad0
)2
+ 1

 . (4.24)
This explains why the spacing between Cn and Cn+1 grows almost linearly and is mainly
determined by Ξ0 and Ωmat0/Ωrad0, which arises from the fact that the oscillations are related
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by the time of matching. The slope is determined by Ξ0 since it characterizes the evolution
during the matter era.
Let us now turn to the second feature in Fig. 10, that is, the vertical line on which
αV 0 = 0. The relation between ϕout and ϕin is not monotonous and is determined mainly
by βV (see Figure 2 of Ref. [22] that shows that it is periodic in βV with a first minimum
for βV ∼ 5). Figure 11 shows how that the relation between ϕout and ϕin has indeed a
minimum at βV ∼ 5. This implies that for these models ϕ∗ freezes to a very small value
after the electron-positron annihilation so that these models are more efficiently attracted
toward general relativity.
In summary, we can obtain a good understanding of our numerical results and of the
origin of the structures of the minima in Fig. 10. In particular, we found that the two
sets of structures do not have the same physical origin, one is related to electron-positron
annihilation and the second to oscillations in the matter dominated era.
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FIG. 11: Evolution of ϕout∗ as a function of βV assuming that φin = 0.03, 0.1 and 0.3. We see that
the first minimum is obtained for βV ∼ 5, which corresponds to the vertical minimum of Fig. 10.
There is a slight dependence of the minimum with respect to φin and hence with the constraints
provided by BBN.
2. Time variation of the gravitational constant
From Eq. (B3), using Eq. (2.19), the time variation of the gravitational constant is given
by
σ = 2αV
(
1 +
βV
1 + α2V
)
ϕ′∗
1 + αV ϕ′∗
, (4.25)
where σ ≡ H−1d lnGcav/dt is constrained by Eq. (B5), i.e. we must have |σ0| < Σ0, where
Σ0 is the experimental upper bound on σ today; see Eq. (B5).
Assuming we are in slow-roll today, we deduce that
(1 + ΩΛ0)ϕ
′
∗0 ∼ −
βV + βDΞ0
1 +X0
ϕ0.
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We also deduce that the time variation of the gravitational constant today is
σ0[βV , βD,Ξ0, αV 0] = 2αV 0
(
1 + βV
1+α2
V 0
)
(βV + βDΞ0)
(1 + Ξ0)(1 + ΩΛ0)− α2V 0(βV + βDΞ0)
. (4.26)
Figure 12 shows the region of the parameter space (βV , βV ) for which |σ0| < Σ0 given the
deviation from general relativity today, i.e. αV 0. The contour plots can be understood as
follows. Since α2V 0 . 10
−5, the second term in the denominator of Eq. (4.26) is negligible.
Unless we have βs of order 105, we conclude that
σ0
Σ0h
∼ 1.6× 10−2αV 0(1 + βV )(βV + βDΞ0).
This shows that even if the dynamics of the field is influenced by βD which can be very large,
the Solar system constraints on αV 0 are so strong that it requires very high βD to obtain a
sizable time variation of the gravitational constant.
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FIG. 12: Contour plot of the time variation of the gravitational constant in the plane (βV , βD) for
different values of log αV 0 indicated on each curve. The model has to lie on the lower-left part of
the plot so that |σ0| < Σ0.
V. CONCLUSIONS
For a theory of gravity universally coupled to matter, a scalar-tensor theory can be defined
by a single coupling function A(ϕ) and a scalar potential. Such a theory can affect the
evolutionary history of the universe, particularly in models of extended quintessence. Here
we examined two types of quintessence models and examined the effects of the non-minimal
coupling on the evolution of the quintessence field. For inverse power law quintessence
models, we showed that the evolution towards a tracking solution is accelerated due to mass
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thresholds in the radiation dominated epoch, and during the subsequent matter dominated
epoch. In contrast, we saw that for quintessence models with defined minimum which is
also a minimum of the coupling function, the non-minimal coupling to gravity has very little
effect except at late times.
It is, however, possible that the dark sector of the theory couples to gravity differently
from that of the visible sector. In this case, there is an additional coupling function as
defined in Eq. (2.1). In this article, we have worked out the cosmological evolution of a
scalar-tensor theory with distinct coupling functions for the coupling of the visible and dark
sectors of the theory to gravity. We developed the qualitative features of the evolution
with respect to the parameter space defined by βV and βD which are derived directly from
the two coupling functions. We delineated those regions of the parameter space which are
attracted towards general relativity, towards Brans-Dicke gravity, or towards a runaway
solution. For those theories with a late time attraction to general relativity, we also derived
additional constraints on the parameter space from BBN and precision gravitational tests.
In particular, it was shown that in this class of models constraints more stringent than those
derived from the Solar system can be obtained from BBN. This provides some insight on
the equivalence principle between the visible and dark sectors.
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APPENDIX A: NUMERICAL IMPLEMENTATION
From a numerical point of view, it is easier to integrate the Einstein equations in the
Einstein frame while using the cosmic time t in the MJF. The expressions for the energy
densities of the visible sector are trivial in the MJF, where they can be integrated analytically.
It follows that the system reduces to
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dϕ∗
dt
= A−1V ψ∗ (A1)
dψ∗
dt
= −A−1V
[
3H∗ψ∗ +
dV
dϕ∗
+ 4piG∗A
4
V (αDρD + αmatρmat)
]
(A2)
H2∗ =
8piG∗
3
A4V (ρD + ρmat + ρrad) +
1
3
ψ2∗ +
2
3
V − K
R2∗
(A3)
dρrad
dt
+ 4Hρrad = 0, (A4)
dρmat
dt
+ 3Hρmat = 0, (A5)
dρD
dt
+ 3HρD = A
−1
V (αD − αV ) ρDψ∗, (A6)
H = A−1V [H∗ + αV ψ∗] . (A7)
Note the asymmetry in the coupling functions, A, arises from the fact that we have inserted
the MJF energy densities rather than those defined in the EF. The last equation is necessary
to derive the Hubble parameter in the MJF where the nuclear reactions are integrated.
APPENDIX B: LOCAL CONSTRAINTS
The deviation from general relativity are constrained in the Solar system. These devia-
tions are usually summarized by constraints on the post-Newtonian (PPN) formalism [49]. It
is a general formalism that introduces 10 phenomenological parameters to describe any pos-
sible deviation from general relativity at the first post-Newtonian order [49]. The formalism
assumes that gravity is described by a metric and that it does not involve any characteristic
scale. In our particular case, it is necessary that the scalar field is light so that a Yukawa
interaction on the scale of the solar system is not induced.
Since all of the matter in our Solar system stems from the visible sector (i.e. the dark
matter component of the Sun and planets is supposed to be negligible), the two Eddington
parameters (see Refs. [49, 50]) can be expressed in terms of the values of αV and βV today
as
γPPN − 1 = − 2α
2
V 0
1 + α2V 0
, βPPN − 1 = 1
2
βV 0α
2
0
(1 + α2V 0)
2
. (B1)
Solar System experiments set strong limits on these parameters. The perihelion shift of
Mercury implies [51] |2γPPN−βPPN−1| < 3×10−3, the Lunar Laser Ranging experiment [52]
sets 4γPPN − βPPN − 3 = −(0.7± 1)× 10−3. Two experiments give a bound on γPPN alone,
the Very Long Baseline Interferometer [53] sets |γPPN− 1| < 4× 10−4 and the measurement
of the time delay variation to the Cassini spacecraft near Solar conjunction [54] γPPN− 1 =
(2.1± 2.3)× 10−5.
These two last bounds imply that αV 0 has to be very small, typically
α2V 0 < 10
−5 (B2)
while βV 0 can still be large [55]. Binary pulsar observations imply βV 0 & −4.5. Note that
even though β0 is not bounded above by experiment, we will assume that it is not very large,
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typically we assume βV 0 . 100, so that the post-Newtonian approximation scheme makes
sense. Note that none of these observations constrain the dark sector and (αD0, βD0) are
completely free.
Since Cavendish experiment and planets are composed only of baryonic matter, we deduce
that the gravitational constant is given by
Gcav = G∗A
2
V (1 + α
2
V ). (B3)
Using p as the time variable as defined in Eq. (2.20), the time variation of the gravitational
constant today determines the time derivative of ϕ∗ today
2αV 0
[
1 +
βV 0
1 + α2V 0
− Σ0
2
]
dϕ∗
dp
∣∣∣∣
0
= Σ0 . (B4)
Experimentally, this is bounded [56] by
1
Gcav
dGcav
dt
= Σ0H0, |Σ0| < 5.86× 10−2h−1. (B5)
The new main feature compared to the models analyzed in Ref. [22] is that the dynamics of
the scalar field depends on the dark sector coupling and thus on αD.
APPENDIX C: BBN CONSTRAINTS
BBN is one of the most sensitive available probes of the very early Universe and of physics
beyond the standard model. Its success rests on the concordance between the observational
determinations of the light element abundances of D, 3He, 4He, and 7Li, and their theoreti-
cally predicted abundances [57, 58]. Furthermore, measurements of the CMB anisotropies by
WMAP [3, 4] have led to precision determinations of the baryon density or equivalently the
baryon-to-photon ratio, η. The new WMAP 5-year data alone is Ωbh
2 = 0.02273±0.00062
and is equivalent to η10,CMB = 6.23±0.17, where η10 = 1010η. Using the WMAP data to fix
the baryon density, the light element abundances [59, 60, 61, 62, 63] can be quite accurately
predicted. The wealth of the cosmological data are obtained from spectroscopic observations
and compared directly with BBN predictions assuming the WMAP determination of Ωbh
2.
Note that the 4He abundance is often used as a sensitive probe of new physics ( see e.g.
[64]). This is due to the fact that nearly all available neutrons at the time of BBN end up in
4He and the neutron-to-proton ratio is very sensitive to the competition between the weak
interaction rate and the expansion rate.
In the following, we briefly state the abundance measurements used in our analysis.
a. D/H
The best determinations of primordial D/H are based on high-resolution spectra in high-
redshift, low-metallicity quasar absorption systems (QAS), via its isotope-shifted Lyman-α
absorption. The seven most precise observations of deuterium in QAS give (see [65] and
references therein) a weighted mean value of D/H = (2.82 ± 0.21) × 10−5 (1–σ) in good
agreement with BBN at the WMAP value of η. Note that the uncertainty quoted above is
purely statistical and there remains considerable scatter in the data.
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b. 4He
4He is observed in clouds of ionized hydrogen (HII regions), the most metal-poor of which
are in dwarf galaxies. There is a large body of data on 4He in these systems [66, 67] for which
an extended data set including 89 HII regions obtained Yp = 0.2429 ± 0.0009 [67]. However,
the recommended value is based on the much smaller subset of 7 HII regions, finding Yp =
0.2421 ± 0.0021.
4He abundance determinations depend on several physical parameters associated with
the HII region in addition to the overall intensity of the He emission line. These include,
the temperature, electron density, optical depth and degree of underlying absorption. Un-
fortunately, there are severe degeneracies inherent in the in the determination of the 4He
abundance [68]. Using a subset of the highest quality data from the sample of Izotov and
Thuan [66], Monte Carlo methods were used to extrapolate the 4He abundance [69] which
was determined to be Yp = 0.2495±0.0092. Conservatively, it would be difficult at this time
to exclude any value of Yp inside the range 0.232 – 0.258.
c. 7Li/H
The systems best suited for Li observations are metal-poor halo stars in our Galaxy.
Analyses of the abundances in these stars yields [70] Li/H|p = (1.23+0.34−0.16) × 10−10 when
systematic uncertainties are included. The 7Li abundance based on the WMAP baryon
density is predicted to be [60] 7Li/H = 4.15+0.49−0.45 × 10−10. We note that a recent reanalysis
of the 3He(α, γ)7Be reaction, which is the most important 7Li production process in BBN,
was considered in detail in [71]. When the new rate is used a higher 7Li abundance is found
[48] 7Li/H = (5.24+0.71−0.62)× 10−10.
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